ABSTRACT: We provide various formulations of knot homology that are predicted by string dualities. In addition, we also explain the rich algebraic structure of knot homology which can be understood in terms of geometric representation theory in these formulations.
Contents
For past decades, we have witnessed the fruitful interplay of mathematics and physics involving knot theory. In particular, the formulation of Jones polynomial [J87] in terms of Chern-Simons theory [Wit89] has led to intensive study of quantum knot invariants. These quantum invariants have been also realized in the context of string theory [OV00] . Around the same time, Khovanov [Kh00] constructed the bi-graded homology which is itself a knot invariant and its graded Euler characteristics is the Jones polynomial. The categorifications of quantum knot invariants [Kh00, KR08a, KR08b] initiated by Khovanov reveal a truly groundbreaking perspective to knot theory not only because they are more powerful than quantum invariants but also because they are functorial. These homological invariants have been interpreted in many duality frames in string theory, which provide various aspects of knot homology. Hence, one of the main aims in these notes is to account for many facets of knot homology.
The various dualities in string theory provides different approaches to knot homology. Nevertheless, in any vantage point we take, the main idea in physics is that the knot homology can be interpreted as a space of BPS states [GSV05]:
The advantage of categorification program stems from the fact that knot homology encodes more information than quantum knot invariants. As various physical viewpoints predict algebraic structure of BPS states, richer structure becomes manifest only at the categorified level. Because BPS states are indeed realized as cohomology groups of some moduli spaces, the structure of BPS states appears as geometric realization of a certain representation of an algebra in mathematics. Therefore, the knot homology is naturally connected to geometric representation theory:
Algebraic structure of BPS states ⇔ Geometric representation theory
Through the recent developments [OS10, GOR12, GORS14] in mathematics, it turns out that the underlying structure of torus knot homology is governed by the rational Cherednik algebra. This discovery has led to the precise formulations of the geometric transition and the geometric engineering in mathematics. Moreover, in some special settings, these string dualities have been proven based on geometric representation theory of the rational Cherednik algebra. Therefore, the other objective of the notes is to describe the structural properties of knot homology and their connections to geometric representation theory.
Physical setups
All physical approaches to knot homology essentially originate in the two physical frameworks, "deformed conifold" and "resolved conifold", related by the geometric transition [GV98a, GV98b, GV99] . On the "deformed conifold" side, the physical setups are as follows;
space-time: R t × T N 4 × T * S 3 N M5-branes:
M2'-brane:
where
is the Taub-NUT space, D ∼ = R 2 1 is the two-dimensional "cigar" (holomorphic Lagrangian submanifold) in the Taub-NUT space. The N M5-branes wrap the zero section (the special Lagrangian subvariety) of the cotangent bundle T * S 3 of a 3-sphere, realizing Chern-Simons theory on S 3 [Wit92] . A knot is created either by a spectator M5'-brane (left) or by a spectator M2'-brane (right). The spectator M5'-brane sits on another Lagrangian subvariety, which is the co-normal bundle L K ⊂ T * S 3 to a knot K ⊂ S 3 where the knot K is realized as the intersection of the two stacks of M5-
. On the other hand, the spectator M2'-brane on C K attaches to N M5-branes at a knot K, extending to the fiber direction [DSV13, DHS12, Wit11] .
At large N , the geometry undergoes the transition where S 3 shrinks and S 2 = P 1 is blown up 1 :
space-time:
Here X = O(−1) ⊕ O(−1) → P 1 is the resolved conifold. Through the geometric transition, the stack of N M5-branes turns into the flux supported on P 1 and the volume (Kähler parameter) of P 1 is expressed by the a variable. In the contrast, the spectator brane remains and in particular the spectator M5'-brane wraps a Lagrangian submanifold of X associated to the knot K. In the left setting, the BPS states are indeed represented by M2-branes wrapping a 2-cycle β ∈ H 2 (X, L K ) and ending on the M5'-brane. All spaces of BPS states receive the equivariant action of Spin(2) L × Spin(2) R that is the symmetry group of on the tangent and normal bundle of D ⊂ T N 4 . Thus, we count the BPS states with the following weight:
where (j L , j R ) is the spin of Spin(2) L × Spin(2) R and n is a Kaluza-Klein mode of M2-brane (D0-brane charge). In the right setting, the spectator M2'-brane bound together with a closed M2-brane wrapping P 1 forms the BPS states where the a-gradings are labelled by how many times the M2-brane wraps P 1 .
Hence, as we have seen, the "deformed conifold" provides ways to approach to doublygraded sl(N ) homology for fixed N whereas the "resolved conifold" leads to triply-graded HOMFLY homology: deformed conifold ⇔ doubly-graded sl(N ) homology resolved conifold ⇔ triply-graded HOMFLY homology Moreover, the vantage point of the Taub-NUT space R t ×T N 4 in the left of (1.2) leads to U(1) gauge theory on R t × T N 4 with codimension two defect supported on R t × D associated to the knot K, which is called geometric engineering [KKV97] . From this point of view, one can express the counting of BPS states in terms of equivariant instanton counting on T N 4 in the presence of codimension two defect where a is the Coulomb branch parameter and, (q, t) are the C * × C * -equivariant parameters.
Categorifications are closely related to refinements in physics. In [AS15] , "refinement" of Chern-Simons theory has been proposed by using a extra U(1) symmetry where the main ingredients are the Macdonald deformation of modular S and T matrices [Ki96] . These provide a direct way to compute refined Chern-Simons invariants of torus knots whose stable limits at large N are conjectured to be equal to Poincaré polynomials of HOMFLY homology in the case of rectangular Young diagrams. 
Mathematical formulations
In recent years, mathematics of the "resolved conifold" side has been investigated in the case of torus knots. Motivated by conjectures from [OS10] , the geometric transition with the spectator M2'-brane has been proposed in [DSV13] . In particular, for a link L C,(0,0) created as an intersection of a planar curve C := {E(x, y) = 0} with the 3-sphere |x| 2 +|y| 2 = r, the configuration of the spectator M2'-brane in (1.2) turns out to be exactly E(x, y) = 0 where we identify the fiber of the resolved conifold X with complex coordinates (x, y). Specifically, for an (m, n) torus knot T m,n , the curve C m,n is represented by E(x, y) = x m − y n .
Then, the moduli space of M2-M2' bound states is isomorphic to the Hilbert scheme of points on C. In fact, the reduction to type IIA theory provide D2-D2'-D0 bound states that describe the vortex configurations and the moduli space of the vortex configurations is indeed the Hilbert scheme of points on C. Therefore, the moduli space is expressed in terms of the geometry of the plane curve singularity without involving the resolved conifold X. Now, let us state the precise formulation on the relation between HOMFLY homology and Hilbert schemes of the planar curve C. On C, we consider the moduli space C
[n] 0 parameterizing ideals in the local ring of the point (0, 0) of colength n, where E is a torsion free sheaf. As shown in [PT09] , these spaces are isomorphic to the moduli spaces of pairs s : O C → E, and dim E/sO C = n, for Gorenstein (and in particular planar) curves C. Then, we can define the nested Hilbert schemes:
consisting of pairs of ideals (I, J) inside the local ring O 0 such that mI ⊂ J ⊂ I where m is the maximal ideal of O 0 . Based on the conjecture on the HOMFLY polynomial [OS10] (now theorem of [M12] ), the relation between HOMFLY homology and the nested Hilbert schemes is conjectured in the following way. We shall account for more details in §3.1.
Conjecture 1.1 [ORS12]
Let C the germ of a plane curve singularity. With notation as above, the Poincaré polynomials of the (triply graded) HOMFLY homology of the link of the singularity is
3)
is the Milnor number of the singular point and P t is the virtual Poincaré polynomial 2 .
By the reduction of the right configuration in (1.2) on the circle of the cigar in T N 4 , one obtains type IIA theory with D6-D2-D2'-D0 brane configurations. In this setup, the BPS states are "refined" D6-D2-D2'-D0 bound states that are mathematically "motivic" Donaldon-Thomas invariants in the resolved conifold. The mathematical construction of these invariants is described by stable pairs. Given a singular plane curve C
• in a fiber of the projection X → P 1 , there is a natural moduli space P(X, C, p, n, r) of C • -framed stable pairs on X. These are pairs s : O X → G on X where G is topologically supported on the union of C • with the zero section P 1 ⊂ X, and has multiplicity one along C • . The main claim in [DHS12] is that colored HOMFLY homology can be expressed by stable pairs subject to the framing condition. Furthermore, such moduli spaces are related to the nested Hilbert schemes above by a variation of stability condition, which will be explained in §3.2. Now let us specialize to the case of torus knots C m,n := {x m = y n }. It was observed in [OY14] that the space of the cohomology group ⊕ H * (C [ ] m,n , Q) of the Hilbert schemes has a structure of a module of the spherical rational Cherednik algebra eH m n (S n )e. In fact, it is the finite-dimensional irreducible module denoted by eL m n [BEG03] . Thus, via Conjecture 1.1, we obtain a representation theoretic interpretation of HOMFLY homology of torus knots (see §5.1 for more details).
It was known previously [GoSt05, GoSt06] that to a large class of modules over the rational Cherednik algebra H m n (S n ) one can attach a canonical C * × C * -equivariant sheaf on the Hilbert scheme Hilb n (C 2 ) of points on C 2 . Combining the intuition of [GoSt05, GoSt06] , the authors of [GORS14] obtained the conjectural description of HOM-FLY homology of torus knots in terms of the sheaves on the Hilbert scheme Hilb n (C 2 ).
Below we state a simplified version of the conjecture:
where χ q,t is the equivariant Euler characteristics. The identity requires the change of variables (4.3).
Actually, this conjecture paves the way to mathematically formulate the geometric engineering [KKV97] in the case of torus knots. Presumably, the sheaf F m,n describes cohomology groups of the moduli space of U(1) instanton in the presence of codimension two defect associated to the torus knot T m,n . In fact, the construction of the sheaf F m,n is explicitly known for the case m = nk + 1 in the work of [GoSt06] . The conjectural description of the sheaf F m,n for general m, n is obtained in [GN13] . To formulate the geometric engineering, the authors of [GN13] make use of Cherednik's interpretation of the superpolynomial for T m,n in terms of the double affine Hecke algebra (DAHA). Motivated by refined Chern-Simons theory [AS15] , DAHA-Jones polynomials of torus knots have been defined by using PSL(2, Z) transformations in DAHA. They are the same as refined Chern-Simons invariants and their stable limits at large N are called DAHAsuperpolynomials (see §4 for more details). We devote §5.2 to the discussion of the geometric ideas behind the construction of F m,n . Below we state an explicit formula for the DAHA-superpolynomial which follows by localization from the description of F m,n . Indeed the formula takes the form of the Nekrasov partition functions.
Theorem 1.3 [GN13]
The unreduced DAHA-superpolynomial P DAHA (T m,n ; a, q, t), defined in [C11] , is given by
where the sum is over all standard Young tableaux of size n, and χ i denotes the (q, t −1 )-weight of the box labeled by i in the tableau. The constants in the above relation are given by
We denote arm-length and leg-length of a box in a Young diagram by a( ) and l( ) .
Overall relationships are summarized in Figure 1 .2. For the sake of brevity, we restrict ourselves to explain the relations at the level of a = 0. To include general a-degrees requires technical details that are avoided in these notes. Thus, we refer the reader to original papers in Figure 1 .2 for general a-degrees. Let us mention that there is one arrow missing in Figure 1 .2, i.e. the relation between the finite-dimensional module dim q,t (eL m n ) of the rational Cherednik algebra and the DAHA-superpolynomial P DAHA (T m,n ; a = 0, q, t).
Even though the rational Cherednik algebra (rational DAHA) is a rational degeneration of DAHA as an algebra, the relation through torus knot homology has not been understood yet. We hope the reader will add one more arrow in Figure 1 .2 in near future. P (T m,n ; a = 0, q, t) P DAHA (T m,n ; a = 0, q, t) ) and χ q,t (F m,n ) represented by the dashed arrow is put on the rigorous footing only in the case of m = kn + 1.
It is known that the HOMFLY homology is endowed with a rich algebraic structure. The authors of [DGR06] [GuSt12] so that the homology H * (H λ , d λ→µ ) with respect to HOMFLY homology H µ (K) colored by a lower color |µ| < |λ|. It was noticed in [GGS13] that these structural properties become particularly manifest when one upgrades the triply-graded homology to a quadruply-graded homology. We review these results in §2. The study of the differential structure leads to better understanding of Habiro type structure for colored superpolynomials and we present new conjectures on cyclotomic expansions for superpolynomials and HOMFLY polynomials colored by symmetric representation in this section.
As we see above, there is a representation theoretic interpretation of HOMFLY homology of torus knot via the rational DAHA. In [GOR12, GORS14] , the d N differentials are interpreted from the viewpoint of the rational DAHA. Moreover, the approach of [GORS14] from the rational DAHA has been extended to colored cases in [EGL13] . Based on this construction, algebraic constructions of HOMFLY homology colored by symmetric representations have been proposed in [GGS13] and colored differentials have been elucidated by the rational DAHA. The section §6 discusses this approach and its relation to matrix factorizations.
Finally, let us stress that we do not intend to make these notes a thorough review of the most recent developments in knot homology and our perspective is very biased by our own research objectives. However, we will mention the most significant physical development in the last section §7. The shortness of the last section by no means indicates the level importance of the results but the level of competence of the survey in the related field.
Convention
Throughout this paper, we use the following skein relation for an unreduced HOMFLY polynomial P (K; a, q):
with the unknot invariant
In addition, in this paper, a knot is always zero-framed and we do not consider non-trivial framings.
2 Quadruply-graded homology
Quadruply-graded homology
In recent years, it has been proven that there exists rich structure tying together knot homology. Around the time that the definition of a triply-graded ((a, q, t)-graded) HOMFLY homology [KR08b] was given, it was predicted in [DGR06] that it is endowed with a set of differentials {d N } N ∈Z where the homology with respect to d N >0 is isomorphic to the sl(N ) homology [KR08a] . Hence, the d N differentials open the passage from "resolved conifold" side to "deformed conifold" side. Although both unreduced and reduced HOM-FLY homology are endowed with the d N differentials, we only study properties of reduced homology in this section:
with the property that ιd N = d −N ι.
• (Homology) The homology of d N >0 is isomorphic to reduced sl(N ) homology:
is isomorphic to the knot Floer homology HF K(K).
In the sequel, it has been proven [Ras06] that for N > 0, there are spectral sequences with E 1 term H (K) which converge to H sl(N ), (K). For N > 0, the conjecture is more or less equivalent to the statement that these spectral sequences converge at the E 2 term. In [GuSt12, GGS13] , this approach has been extended to the colored case. Although the definition of colored HOMFLY homology is still very limited [MSV11] so far, we conjecture the existence of the homology theory H λ (K) categorifying colored HOMFLY polynomials P λ (K). Then, the space of BPS states, refined Chern-Simons theory, representation theory of Lie superalgebra and the double affine Hecke algebra (DAHA) predict very rich structural properties on H λ (K). We focus on rectangular Young diagrams λ = (r ρ ), i.e. Young diagrams which have the form of a rectangle with r rows and ρ columns. This class includes both symmetric (r) and anti-symmetric (1 r ) representations.
In particular, the structural properties become manifest when we introduce quadruplegradings [GGS13] . Thus, let us explain the structural properties of colored HOMFLY homology of knots by using quadruple-gradings. The authors of [GGS13] managed to reconcile two different conventions for the homological (t-)grading so that colored HOMFLY homology turns into quadruply-graded (H λ (K)) i,j,k, : (a, q, t r , t c )-gradings: t r is the homological grading in the conventions of [GuSt12] , whereas one can interpret t c as the one in the conventions of [AS15, C11, DBMMSS11]. It is only in the uncolored case when the two homological gradings coincide and therefore the resulting homology is triply-graded in agreement with [DGR06] .
Moreover, it became apparent that all of the structural properties and isomorphisms become particularly elegant once we replace the q-grading by the Q-grading defined by
While it is just a regrading of (H (r ρ ) (K)) i,j,k, , it is named the tilde-version of colored HOMFLY homology H (r ρ ) (K) due to its importance:
Since the two homological gradings are equal in the uncolored case, the q-and Q-grading of every generator of uncolored HOMFLY homology are the same. Let also us introduce an important notion of knot homology. To every generator x of the (r)-colored quadruply-graded HOMFLY homology, one can associate a δ-grading by
Although the four gradings are independent in general, a knot K is called homologicallythin if all generators of H (r) (K) have the same δ-grading which is equal to r 2 S(K) where we denote the S-invariant of the knot K by S(K) [Ras04] . Otherwise, a knot is called homologically-thick and the thick knot homology has more complicated structure [DGR06, GuSt12] . For instance, all two-bridge knots are homologically-thin. In contrast, the torus knots except (2, 2p + 1) torus knots are homologically-thick [Sto07, Corollary 3], and the examples of non-torus thick knots up to 10-crossings are as follows [DGR06] : 9 42 , 10 128 , 10 132 , 10 136 , 10 139 , 10 145 , 10 152 , 10 153 , 10 154 , 10 161 .
Although everything is conjectural, the definite advantage of the quadruply-graded theory is that it makes all of the structural features and isomorphisms completely explicit. To see them, we define the Poincaré polynomial of the quadruply-graded homology as
where they are related by
Now, let us briefly describe the structural properties of the quadruply-graded colored HOMFLY homology.
• Self-symmetry In the tilde-version of the colored HOMFLY homology, one can extend the involution (2.1) to the colored cases:
which can be stated at the level of the Poincaré polynomial
This becomes manifest only when we use the tilde-version of HOMFLY homology.
• Mirror/Transposition symmetry The λ-colored homology are related to the λ T -colored homology by exchanging t r and t c -gradings:
which can be expressed in terms of the Poincaré polynomial
In fact, the subscripts of two homological-gradings are the acronyms of "row" and "column". This lifts the following relation between the colored HOMFLY polynomials
for any representation λ [TVW15, Z13].
• Refined exponential growth property Let K be either a two-bridge knot or a torus knot. The (r ρ )-colored quadruplygraded HOMFLY homology of the knot K obeys the refined exponential growth property
It turns out that colored HOMFLY homology of the homologically-thick knot 9 42 does not satisfy this property [GuSt12, Appendix B]. The analogous statement at the HOMFLY polynomial level [Z13] is that the following identity holds for any knot K and an arbitrary representation λ
where |λ| is the total number of the Young diagram corresponding to the representation λ.
• Colored differentials For each rectangular Young diagram (r ρ ), one can define colored differentials that remove any number of columns or rows from the original Young diagram (r ρ ). For
and for every σ with ρ > σ ≥ 0, there are two different row-removing differentials d
The homology with respect to a colored differential is isomorphic to lower colored HOMFLY homology
(2.12)
Precisely speaking, the isomorphisms above involve regrading. Although the quadruplegradings makes the regrading very explicit, the details are not used in this paper, so we refer to [GGS13, §3].
• Universal colored differentials When the color is specified either by a Young diagram (r, r) or by (2 r ), there exists
They are called universal colored differentials because they are universal in the sense that their a-degree is equal to 0. We also refer to [GGS13, §3] for the regrading used in these isomorphisms.
• sl(m|n) differentials It has been revealed that the existence of the d N differential and the colored differentials comes from the representation theory of the Lie superalgebras sl(m|n). In fact, these differentials can be expressed as {d m|n } labeled by two non-negative integers (m, n) associated to the Lie superalgebra sl(m|n). For instance, the colored differentials can be written as
Representations of Lie superalgebras are also labelled by Young diagrams as in the case of representations of ordinary Lie algebras. For r > k ≥ 0, isomorphisms of the sl(ρ|k)-representations give rise to the positive column-removing differentials whereas the isomorphisms of the sl(0|r + k)-representations give rise to the negative column-removing differentials:
The row-removing differentials can be also related to representations of Lie superalgebras. In fact, for two Young diagrams λ and µ, we have the mirror/transposition symmetry in the representations of Lie superalgebras:
In the case of the fundamental representations, the d N differentials can be written
It is worth mentioning that the properties of quantum invariants for U q (sl(m|n)) have been investigated in [TVW15] . It was shown in [TVW15] that U q (sl(m|n)) colored quantum invariants stabilize to colored HOMFLY polynomials and the mirror/transposition symmetry (2.9) follows from the symmetry (2.13).
As we will see in §4, the mirror/transposition symmetry (2.8) and the refined exponential growth property (2.10,2.11) have been proven for the DAHA-superpolynomials of torus knots in [C14] . In addition, we will see in §6 that the colored differentials are conjecturally constructed from the viewpoint of the rational DAHA [GGS13] . However, we should emphasize that all these properties are still at the level of conjectures. Above all, the definition of quadruply-graded homology as well as physical interpretation of quadruplygradings are expected to be given.
The colored Kauffman homology is gifted with as rich a structure as colored HOM-FLY homology. It also admits quadruple-gradings as well as colored differentials, so/sp differentials, and universal (colored) differentials. More interestingly, the colored Kauffman homology includes colored HOMFLY homology. For more detail, we refer the reader to [GWal05, NRZ14] . In addition, recently, the differential structure on the knot homology with exceptional groups has been investigated from the viewpoint of DAHA [ElGu15] . When the color is specified by non-rectangular Young tableaux, some of the properties do not hold. It is an important open problem to understand the properties of HOMFLY homology colored by non-rectangular Young diagrams.
Cyclotomic expansions
Habiro has found an interesting expansion of colored Jones polynomials, known as the cyclotomic expansion.
such that reduced colored Jones polynomial of the knot K is expressed as
In fact, the structural properties of colored HOMFLY homology strongly dictates the form of its Poincaré polynomial, which remarkably provides a new perspective to cyclotomic expansions of Habiro type for knot invariants. Thus, in this subsection, we shall present a conjecture for a cyclotomic expansions of superpolynomials colored by symmetric representations and its implications for colored HOMFLY polynomials and sl(N ) quantum invariants.
As explained in the previous subsection, all the generators except one in uncolored HOMFLY homology can be paired by the canceling differential d − →0 whose (a, q, t)-degree is (−2, −2, −3), which can be seen as at the level of the Poincaré polynomial
where A i = a q m t n for , m, n ∈ Z and A 1 represents the one remaining generator. Then, the t c = 1 specialization of Poincaré polynomial of (r)-colored homology can be determined by the refined exponential growth property (2.10)
To get the complete Poincaré polynomial, the (1+a
; t 2 c ) k whereas we substitute the t . Remarkably, it turns out that the second summation is independent of the color r in all the examples we know even after restoring t c -gradings. Therefore, we conjecture that there exists a cyclotomic expansion of superpolynomial colored by a rank-r symmetric representation (r) for a two-bridge knot or torus knot K.
Conjecture 2.2 Let K be either a two-bridge knot or a torus knot. Then, there exists a function
, with C k=0 (K; a, Q, t r , t c ) = 1 such that Poincaré polynomial of (r)-colored quadruplygraded HOMFLY homology of the knot K is written as
• c means an appropriate shift of (a, Q, t r , t c )-degree. Indeed, the Poincaré polynomials of the (2, 2p + 1), (3, 4) torus knot and the (double) twist knots take this form [FGSA12, FGS13, FGSS13, NRZS12, GNSSS16]. As we will see below, the colored superpolynomials of the knots 6 2 and 6 3 also allow this cyclotomic expansion.
Since this structure will be reflected at the level of HOMFLY polynomials, we also conjecture the cyclotomic expansions of HOMFLY polynomials colored by symmetric representations for any knots. 
which satisfies the following properties
such that the (r)-colored reduced HOMFLY polynomial of the knot K is expressed as
In fact, a similar conjecture for HOMFLY polynomials was first stated in [KM15] , and Conjecture 2.3 is a more precise statement. Note that the formula (2.16) is obtained from the de-categorifying substitution in (2.14)
even though Conjecture 2.3 is applied for any knot K. The second property on C(K) means that although C k (K; a, q)/(q 2 ; q 2 ) k is a rational function of a, q in general for a positive integer k, it becomes a Laurent polynomial of q once one substitutes a = q N for any positive integer N . Importantly, this property (2.15) relates Conjecture 2.3 to Theorem 2.1 of Habiro. Since we can write the factor in the summand of (2.16) as
the property (2.15) tells that the denominator (q 2 ; q 2 ) k can be absorbed into C(K) for sl(N ) quantum invariants colored by symmetric representations. Hence, substituting a = q N , the immediate consequence of Conjecture 2.3 is as follows:
with c k=0 (K, N ; q) = 1 such that the (r)-colored sl(N ) quantum invariant of the knot K is expressed as
At N = 2, this is nothing but Theorem 2.1 of Habiro. The same conjecture is independently stated in [CLZ, Conjecture 1.3] for sl(N ) quantum invariants. 
Examples
Let us look at the example of the trefoil T 2,3 . The Poincaré polynomial of the uncolored HOMFLY homology can be written as
It is easy to see that the δ-gradings of all the three generators are +1 so that it is homologicallythin. Beside, the (2)-colored superpolynomial can be written as It is easy to check the refined exponential growth property
as well as the self-symmetry
c , t r , t c ) = P (T 2,3 ; a, Q, t r , t c ) .
For more detail, we refer to [GGS13, §3] . Using the structural properties, cyclotomic expansions of superpolynomials colored by symmetric representations have been obtained for (2, 2p + 1), (3, 4) torus knots, twist knots, and double twist knots so far [FGSA12, FGS13, FGSS13, NRZS12, GNSSS16]. Here we present new examples: colored superpolynomials of the 6 2 and 6 3 knots. The uncolored superpolynomials of these knots can be written [DGR06] as
As Figure 2 .2 shows, the homologies of the the 6 2 and 6 3 knots are very similar. Then,
Figure 2.2. uncolored HOMFLY homology of 6 2 (left) and 6 3 (right) knot using the multinomial formula, the refined exponential growth property (2.10) tells us that the t c = 1 specialization of the Poincaré polynomials of (r)-colored HOMFLY homology are given by
The t c -degrees have to be determined in such a way that the homology is endowed with all the differentials. Nevertheless, roughly speaking, the binomials are replaced by t 2 cbinomials whereas a product (1 + x) is replaced by a t In these examples, closed formulas can be written as
It is easy to see that the colored superpolynomials of the knot 6 2 and 6 3 take the form of the cyclotomic expansion in Conjecture 2.2.
Knot homology and planar curves
In this section, we explain the relationships of HOMFLY homology, nested Hilbert schemes of a planar curve and the moduli space of stable pairs. In particular. we shall state the original conjectures from [OS10, ORS12] and explain the version of the conjecture for the colored knot invariants [DHS12] . These conjectures provide rigorous formulations of the geometric transition.
Knot homology and Hilbert schemes of planar curve
Let C = {E(x, y) = 0} ⊂ C 2 be a planar curve. Then C [n] stands for the Hilbert scheme of n points on C, that is, the set of ideals I ⊂ C[x, y] that contain E and have codimension n. If C is smooth, the Hilbert scheme is the n-th symmetric power of the curve; for a singular curve it is a partial resolution of the symmetric power. If we assume that E(0, 0) = 0, then C
[n]
(0,0) is the punctual Hilbert scheme (i.e. the moduli space of ideals defining a fat point supported at (0, 0)). Algebraically, it is the set of ideals from C
[n] that contains x N , y N for some N . Let us introduce the following nested Hilbert scheme:
At the m = 0 specialization, it reduces to the Hilbert scheme. In general, C
(0,0) with smooth fibers that are constant over the locus of ideals with fixed minimal number of generators. It is therefore possible to restate our conjecture in terms of Euler characteristics of loci with a fixed minimal number of generators [OS10] . Below we state a conjecture relating the topological invariants of the nested Hilbert schemes of a planar curve to HOMFLY invariants of the link for the singularity of the curve.
The links L C,(0,0) that constitute the intersection of the curve C with the small 3-sphere around (0, 0) are called algebraic. When E = x m − y n , the link is the torus link T m,n . The following formula was conjectured in [OS10] and proved for the torus knot cases and some 2-cablings of the trefoil; it is also shown in [OS10] that the case a = −1 of the conjecture is equivalent to the previously known theorem of [CDGZ03] ; the proof for arbitrary plane curve singularity is given by Maulik [M12] .
) be the Milnor number of the singularity at (0, 0). Then, we have
(0,0) ) .
As we mentioned above the proof of the most general case of the formula could be found in [M12] . The proof proceeds by considering more general conjecture that involves the colored knot invariants. In the next subsection, we shall provide more details on the colored conjecture.
To state its homological version, let us denote the Poincaré polynomial of the triply graded HOMFLY homology (H (K)) i.j.k defined by Khovanov and Rozansky [KR08b] .
like (2.5). The t = −1 specialization is the (a, q)-graded Euler characteristics of HOMFLY homology that is indeed HOMFLY invariant P (K; a, q) = P (K; a, q, t = −1). Then, using the same convention above, the statement of the homological version is given in Conjecture 1.1. When the curve admits a C * -action, a combinatorial formula for the algebro-geometric side of Conjecture 1.1 has been derived in [ORS12] . The combinatorics of the Hilbert scheme is much easier than the combinatorics of the homological algebra underlying the definition of HOMFLY homology [KR08b] . In particular, the computation of the HOM-FLY homology of torus knots directly from the definition in [KR08b] appears to be tedious [CM14] and no rigorous calculations have been given for the torus knots T m,n with n > 3 whereas the combinatorics of the Hilbert scheme yields explicit formulas of the RHS in Conjecture 1.1 for torus knots. Therefore, Conjecture 1.1 has been checked for torus knots T 2,n , T 3,n . As we will see in §5, the relation between HOMFLY homology and the Hilbert scheme of a planar curve reveals the connections of HOMFLY homology to representation theory of the rational DAHA for torus knots and leads to rigorous formulation of the geometric engineering.
Colored invariants and stable pairs
When one searches for a moduli space that would match with the colored HOMFLY invariants P λ , the naive guess might be the moduli space of the ideals on the thick curve in
that has a fat point of shape λ as a generic cross-section. It turns out that this moduli space is not suitable, but the following close cousin passes numerical tests. The moduli space P λ n (rC) (0,0) consists of pairs of a pure sheaf G with support on C and a map s surjective outside (0, 0) such that:
This moduli space appears naturally in the study of moduli spaces of pairs [PT09] . When one counts curves in a Calabi-Yau threefold that are homologous to β ∈ H 2 (X), it is generally expected (and shown in some cases [PT10] ) that the count is given in terms of so-called BPS states, which mathematically manifest themselves as topological invariants of the moduli spaces of sheaves on the singular curves that are homologous to β.
In the case of λ = (m), we deal with sheaves on the fat but still planar curve mC. Then, [PT10, Appendix B] contains the proof of P one can immediately identify the moduli space with the m-step nested Hilbert scheme. An general partition is a hybrid of these cases. The first observation between colored knot invariants and the moduli space of pairs has been made in [O12] involving colored sl(∞) quantum invariants. From the cabling formula [VdV08] , there are unique powers f (λ, K), g(λ, K) for an algebraic knot K such that q f (λ,K) a g(λ,K) P λ (K; a = 0, q = 0) = 1. Let us define the sl(∞) quantum invariant by
Then, it was conjectured in [O12] that if L C,(0,0) be a link of singularity of C at (0, 0), then
An extension of the above formula for colored HOMFLY invariant was investigated in [DHS12] . Let X = O(−1) ⊕ O(−1) → P 1 be the resolved conifold and C 2 D ⊂ X is the fiber over 0 ∈ P 1 and X is a natural toric compactification of X. The zero section C 0 P 1 of the vector bundle X intersect D at one point p and let us choose a planar curve C ⊂ D containing p and C ⊂ X is its natural compactification.
Let P(X, C λ , r, n) be a moduli space of pairs of a pure one-dimensional sheaf G with support on C ∪C 0 and the map s : O X → G such that the its cokernel has zero-dimensional support, ch 2 (G) = |λ|[C] + r[C 0 ] and χ(G) = χ(C) + n and the kernel of s is the ideal sheaf defining C λ . Respectively, the P(X, C λ , p, r, n) is the moduli space of pairs with the extra restriction that the cokernel is set-theoretically supported on C 0 . Finally, let us denote by P(X, r, n) the moduli space of pairs (G, s) of one-dimensional pure sheaves G on X supported on C 0 with ch 2 (G) = r[C 0 ] and χ(G) = χ(C) + n. As explained in the introduction, (r, n) can be regarded as D2-D0 charges and P(X, C λ , p, r, n) is physically the moduli space of D6-D2-D2'-D0 bound states.
The topological vertex formula in the context of PT theory [PT09, MOOP11] implies the equivalence between the generating function for Euler characteristics of the pair moduli spaces and the large N limit of Witten's quantum invariant of S 3 :
Z(X, a, q) := r,n q 2n a 2r χ(P(X, r, n))
Using the technique of wall-crossing, the authors of [DHS12] prove the equivalence between the topology of the Hilbert schemes of points on the curve and the moduli space of pairs up to the S 3 invariant Z(X, a, q):
This theorem has motivated the authors of [DHS12] to extend the conjecture (3.1) for colored HOMFLY invariants, which was proven in [M12] :
Note that, in the case of the unknot and the Hopf link T 2,2 , the formula immediately follows from one-and two-leg PT-vertex theory respectively [PT09, MOOP11] . In the following, let us state the conjecture for the homological version. Given an algebraic variety X, we denote by [X] the corresponding element of the Grotendieck ring K 0 (V ar/C) of the complex algebraic varieties. Let us assume the following conjecture: Assuming this conjecture, we state the relation between colored superpolynomial and motivic Donaldoson-Thomas invariants:
There is a universal function g λ :
Here we assume the existence of colored HOMFLY homology and the homological grading should be consistent with t c -gradings in §2. The relation between this conjecture and Conjecture 1.1 is explained by the motivic wall-crossing formalism. More precisely, up to a certain technical conjecture in the motivic Donaldson-Thomas theory, the paper [DHS12] provides a proof of the following formula
where by Z mot (X, a, q, L) := r,n a 2r q 2n [P(X, r, n)] we denote the motivic invariant of the resolved conifold. for i ∈ {1, . . . , N − 1} and X j ±1 , Y j ±1 for j ∈ {1, . . . , N }, under the following relations:
In fact, it contains two copies of the affine Hecke algebras generated by (T i , X j ) and 
It is well-known that it admits a polynomial representation
Here X i acts as the multiplication of x i and the action of T i is given by the DemazureLusztig operators
In addition, the action of Y i follows from
where σ π := s N −1 · · · s 1 ∂ 1 with
Using a central idempotent in the group algebra of the Weyl group W e := 1 |W | w∈W w,
we can define the spherical DAHA SH H N := eH H N e ⊂ H H N . There is an action of PSL(2, Z) = τ ± :
generated by
on H H N , which can be explicitly written as a b c d :
In fact, the action preserves the restriction to the spherical DAHA SH H N ⊂ H H N . Writing an element h ∈ H H N in the form of h = λ,w,µ c λ,w,µ X λ T w Y µ via the PBW Theorem 4.2, we define a map {·} ev : H H N → K 0 called the evaluation coinvariant by substituting
where ρ is the Weyl vector. Even without the use of the PBW theorem which can be rather complicated to implement, the evaluation coinvariant {·} ev can be carried out by the substitution (4.2) in the polynomial representation (4.1).
where m ν is the sum of the elements in S N orbit of X ν and < is the dominance partial order on the partitions. If we denote a field of rational functions of q, t by K := C(q, t), and an algebra of symmetric polynomials 
such that reduced DAHA-Jones polynomial is defined by
This is indeed a Laurent polynomial of q, t. The specialization q = t = q 2 leads to λ-colored sl(N ) quantum invariants of the (m, n) torus knot. In addition, the existence of DAHA-superpolynomials P DAHA λ (T m,n ; a, q, t) has been proven:
There exists a unique polynomial P DAHA λ (T m,n ; a, q, t) such that:
For the DAHA-superpolynomials, the mirror/transposition symmetry (see (2.8))
and the refined exponential growth property (see (2.10,2.11))
(T m,n ; a, q = 1, t)
(T m,n ; a, q, t = 1)
have been proven in [C14] . Moreover, the DAHA-Jones polynomials agree with refined Chern-Simons invariants [AS15] . It is well-known that there is the SL(2, Z) transformation on the quantum Hilbert space of Chern-Simons theory on a torus T 2 [Wit89] , which is generated by the modular S and T matrices in the WZW model. From the perspective of refined topological strings, refined Chern-Simons theory is formulated in [AS15] , in which deformations of the modular S and T matrices [Ki96] are the main constituents:
This enables the evaluation of refined torus knot invariants by using knot operators, which are proven to be equal to the DAHA-Jones polynomials [GN13] . In addition, let us note that the large N -limits of the refined modular S and T -matrix are expressed in terms of the Hilbert schemes of points on the affine plane C 2 [Na12].
When colors are specified by rectangular Young diagrams, the DAHA-superpolynomials with the change of variables
conjecturally coincide with Poincaré polynomial polynomials of colored HOMFLY homology of the corresponding torus knot with t c -gradings. For non-rectangular Young diagrams, it is known that the DAHA-superpolynomials include both positive and negative signs after the change of the variables (4.3).
5 Torus knot homology, Hilbert schemes and rational DAHA
Torus knot homology and rational DAHA
In recent years, it has been proven that the underlying symmetry of torus knot homology is dictated by the finite dimensional representations of the rational Cherednik algebra (rational DAHA). Therefore, in this subsection, we shall explain how the finite dimensional module of the rational DAHA gives rise to torus knot invariants. In addition, we will interpret it in terms of geometric representation theory, i.e. as an action on cohomology groups of Hilbert schemes of points on planar curves. To begin with, let us quickly review the definition and some basic properties of the rational DAHA. The rational DAHA H c (S n ) associated to gl(n) [EtGi02] is the quotient of the semi-direct product of the free algebra on x i , y i , (i = 1, . . . , n) with the symmetric group S n by the following set of relations:
where S n s ij is the transposition that exchanges i and j. Indeed, the rational DAHA H c (S n ) is the universal flat deformation of the algebra H 0 (S n ) that is the semi-direct product of the algebra of differential operators with S n [EtGi02] . Roughly speaking, the rational DAHA is a "Lie algebra" of the DAHA [C11] in §4 where the parameter c appears as t = q c . In physics, c is the parameter for the β-deformation.
The elements x 1 + · · · + x n and y 1 + · · · + y n generate an algebra of differential operators of one variable D = C[x,
∂ ∂x ], and we have a direct product decomposition H c (S n ) = H c (S n ) ⊗ D where H c (S n ) is the subalgebra generated by S n and the elements x i − x j , y i − y j .
The representation theory of the above Cherednik algebras is well understood [BEG03] . In particular, when c = m n with co-prime (m, n), there exists a unique irreducible finitedimensional representation of H c (S n ). We use the notation L m n and L m n for the irreducible finite dimensional of H c (S n ) and its H c (S n ) counterpart.
In addition, as in §4, the rational DAHA also admits a polynomial representation
Again, X i acts as the multiplication by x i and the symmetric group S n acts naturally as permutations of the variables x i . The action of y i is given by the Dunkl operator
In the setting of the highest weight categories for the rational DAHA [GGOR03] , the polynomial representation is an example of the Verma type module and, in particular, it admits the unique irreducible quotient L m n . By restriction, we can obtain a polynomial
Example: In the case of n = 2, we can write u = x 1 − x 2 so that the unique non-trival element s ∈ S 2 sends u to −u. In addition, the Dunkl operator acts as Remarkably, the finite dimensional representation L m n of the rational DAHA turns out to be geometrically realized. Let C n,m be a planar curve defined by x m = y n and let us denote by e i ∈ C[S n ] the Young projector on irreducible S n -representation
. Then, the spherical rational DAHA acts on the cohomology groups of Hilbert schemes of the curve C n,m :
The algebra e k H m/n (S n )e k acts on the vector space ) is related to the filtration of Jansen type on e k L m n , which seems to be new to experts. In [GORS14] , an algebraic (in terms of the rational DAHA) description of the filtration F
• has been proposed, which coincides with cohomological filtration. The main thrust of the result [GORS14] is that, combining with Conjecture 1.1, the HOMFLY homology of torus knots should be related to the representation theory of the rational DAHA.
Conjecture 5.2 [GORS14]
The finite-dimensional module L m n admits a filtration F • such that we have an isomorphism of triply-graded spaces:
The conjecture suggests that the HOMFLY homology H (T m,n ) k, * , * with a-degree k is a module over the spherical subalgebra e k H m n (S n )e k of the rational DAHA. Constructing such an action is probably a major challenge and its solution will require further development of the theory of character sheaves. The conjecture was checked in all cases where the corresponding knot homology is known.
It was conjectured in [GORS14] that there are three equivalent descriptions of the filtration above. Here we present the most algebraic description. More precisely, we explain a construction of the filtration 
As
Example: (m, 2) torus knot As we have seen in the example above, we have L m Example: When m = n + 1 the filtration from above has a more elementary description in terms of the space of the double harmonics [Hai94] :
where I + is the ideal spanned by S n -invariant polynomials of x i , y i without a constant term. It is shown in [Gord03] that there is a natural isomorphism of the S n modules L (n+1)/n DH n ⊗ sign. It identifies the h-grading on L (n+1)/n with the grading defined by deg h x i = 1, deg h y i = −1 and the grading associated to the filtration F with the grading defined by deg F x i = 2, deg F y i = 0.
In fact, Conjecture 5.2 provides the interpretation of the d N differentials (2.2) in terms of the rational DAHA. The example of the differentials in (m, 2) torus knots given above is merely its special case. We shall account for it in more details in §6.
At the decategorified level, the relation to the rational DAHA has been proven:
The colored extensions of this theorem are given in [EGL13] by constructing the corresponding modules of the rational DAHA. Happily, the construction proves an important property of unreduced colored HOMFLY polynomials of torus knots; P λ (T m,n ; √ −1 a, q) is a polynomials in a and a power series in q with non-negative coefficients for any color λ. Moreover, it was shown in [EGL13] that (q 2 ; q 2 ) |λ| P λ (T m,n ; √ −1 a, q) is a polynomial with non-negative coefficients.
Torus knot homology and Hilbert schemes of affine plane
The connection to the rational Cherednik algebra uncovers another interpretation of torus knot homology. This stems form a relation between the category of H c (S n )-modules with a good filtration and the category of coherent sheaves on the Hilbert scheme Hilb n (C 2 )
of n-points on C 2 given in [GoSt05, GoSt06] . We propose a stronger link between these
Conjecture 5.4 For any coprime (m, n), there exists a
0 and a good (in the sense of [GoSt06] ) filtration on L m n such that
where χ q,t is the character of the C * × C * -action and L is the positive generator of the Picard group of the Hilbert scheme.
Via Conjecture 5.2, this indicates that the superpolynomials of torus knots can be expressed by the C * × C * -equivariant character of a sheaf F m,n . Since the C * × C * -equivariant character of the sheaf F m,n is supposed to be a U(1) instanton partition function with a codimension two defect associated to the torus knot T m,n , as we illustrate in the introduction, the conjecture above sets up the formulation of the geometric engineering [KKV97] . When m = 1 + kn the conjecture holds [GoSt06] with
where Z is the punctual Hilbert scheme of points consisting of ideals I such that the support of O/I is (0, 0). For general (m, n), a conjectural construction of the sheaf F m,n (more precisely of the complex of sheaves) is presented in [GN13] . Below we explain the geometric meaning of the main formula (1.4) in [GN13] .
DAHA-superpolynomial and Hilbert scheme of points Hilb n (C 2 )
It was known for a long time that theory of Macdonald polynomials and the geometry of the Hilbert schemes of points on the affine plane are intimately related [Hai01, Hai02a, Hai02b] . Since DAHA provides an algebraic setting for the theory of Macdonald polynomials, it is natural to expect some relations between the DAHA and the Hilbert schemes of points on the plane. The most complete picture for the relation is revealed in [SV11, SV13] (see also paper [FT11] for some results in the same direction). Using the results in [SV11, SV13] , the authors of [GN13] have constructed the sheaf that is conjecturally equivalent to F m,n in Conjecture 5.4 and have found the relation to the DAHA-superpolynomials.
As we see in §4, the DAHA-Jones polynomials have been constructed by using the PSL(2, Z) action on a spherical subalgebra SH H N of DAHA H H N . It is shown in [SV11] that there exists an algebra SH H ∞ that admits surjective homomorphisms Ψ N : SH H ∞ → SH H N . The algebra SH H ∞ is indeed an inductive limit of SH H N , and the restriction of the map on the commutative subalgebra of symmetric polynomials of X i is the usual re-
It is also shown in [BS12] that the algebra SH H ∞ has a natural PSL(2, Z)-action and Ψ N intertwines the PSL(2, Z) actions on SH H ∞ and that on SH H N . Thus, there is a well defined element of γ m,n (M λ ) ∈ SH H ∞ where M λ represents a Macdonald polynomial with infinitely many variables. In addition, it is not hard to see that there is an evaluation map {·} ev,∞ : SH H ∞ → K 0 (a) such that Ψ N intertwines {·} ev,∞ | a=t N and the evaluation map on H H N . This observation immediately implies the stabilization statement (see Theorem 4.3 and [GN13] for more details).
Using known properties of the Macdonald polynomials, the unreduced DAHA-Jones polynomial has been constructed in terms of Macdonald pairing [GN13] :
where ·|· q,t is the Macdonald pairing on
By taking the stable limit as N goes to infinity in the formula (5.1), we obtain a formula for the DAHA-superpolynomial in terms of the natural action of SH H ∞ on V sym ∞ and the Macdonald pairing on V sym ∞ which is given by
is an orthogonal projection that annihilates the Macdonald polynomials M λ with λ = λ 1 ≥ · · · ≥ λ M > 0 with M > N and preserves the norm of the rest of the Macdonald polynomials.
Interestingly, there is a natural identification [Hai02b]
where K C * ×C * (Hilb d (C 2 )) stands for the equivariant K-theory of the coherent sheaves on Hilb d (C 2 ). This identification transfers the Macdonald pairing to the natural pairing between the equivariant coherent sheaves: F, G = χ q,t (F ⊗ G) and the Macdonald polynomial M λ gets identified with a sky-scraper I λ sheaf supported on the monomial ideal I λ = (x λ 1 y 0 , x λ 2 y 1 , . . . ) with the profile λ.
Based on this identification, a geometric construction for the PSL(2, Z) action of
(see also [FT11] for the shuffle algebra version of the action and [Ne14] for an explanation why these actions coincide). This action was further explored in [Ne12] , in particular, provides and explicit formula for the matrix coefficients of
introduction is obtained by combining the matrix coefficients of
the formula (5.1) and the localization of equivariant Grothendieck-Riemann-Roch formula (see details in [GN13] ). The constructions of [Ne12] stem from the study of the nested Hilbert scheme
consisting of chains of ideals I d ⊃ · · · ⊃ I d+k . This variety is singular but it is expected to be a local complete intersection. To avoid technical problems, the paper [Ne12] treats this scheme as DG scheme. The space Hilb d,d+k (C 2 ) carries natural line bundles L i where the fiber of L i over the chain I d ⊃ · · · ⊃ I d+k is the quotient I i /I i+1 . The geometric description of the operator γ m,n (M λ ) from [Ne12] involves push-forwards and pull-backs along the natural maps
combined with twisting by the line bundles L i . The details of the construction are beautifully explained in the original paper, and in these notes we just state the simplest corollary of these geometric constructions.
Theorem 5.5 [GN13] Let S m n (i) be the one defined in (1.5). Then we have
where p is the natural projection Hilb 0,n (C 2 ) → Hilb n (C 2 ).
The last theorem combined with Conjecture 5.4 results in the formula for the character of eL m n in terms of some particular sheaf on the Hilb n (C 2 ). The relation between the sheaves on Hilb n (C 2 ) and the characters of the modules over the rational DAHA was previously observed in [GoSt06] . One of the result of [GoSt06] is the functor Φ c from the category O of modules of the rational DAHA of type A n−1 to the category of coherent sheaves on Hilb n (C 2 ). In particular, the paper [GoSt06] shows that 
Thus we expect that these sheaves are the ones that are given by the functor from [GoSt06] . Let us conclude this section by mentioning the implication to physics. The character χ q,t (F m,n ) is supposed to be the U(1) instanton partition function with codimension two defect associated to a torus knot T m,n in the Ω-background. The codimension two defect should be realized either as imposing the singular behavior to elementary fields on the support of the defect or as coupling 5d N = 1 U(1) gauge theory to 3d N = 2 gauge theory like a surface operator of Gukov-Witten type [GWit06] . In addition, the DAHA is expected to arise as an algebra of line operators in the presence of the defect in the 5d theory. We wish that these physical properties of the defect associated to a torus knot will be understood more precisely in near future.
Matrix factorizations and Koszul models
Originally, knot homology has been defined by using a category of matrix factorizations [KR08a, KR08b, Wu09, Yon11] . In this formulation, one "resolves" crossings by replacing and by two local diagrams and
is isomorphic to the integral cohomology ring of CP 2 .
The goal of the present paper is to construct, for each n > 0, a doubly- In these planar graphs some edges are oriented so that the neighbourhood of each unoriented edge (depicted by a thick line, and referred to from now on as a "wide edge") looks as on the rightmost pictures in figure 2. Two oriented edges "enter" the wide edge at one vertex and two oriented edges "leave" it the other. Of course, this arrangement could be used to provide each wide edge with a canonical orientation, but we won't need it. In addition, oriented loops are allowed (an oriented loop is a crossingless plane projection of the oriented unknot).
There is a unique way to assign a Laurent polynomial Pn(Γ) ∈ Z[q, q −1 ] to each such graph Γ so as to satisfy all skein relations in figure 3.
In the representation theory language, an oriented edge stands for the vector representation V of quantum sl(n), and a wide edge for its (quantum) exterior power Λ 2 V. The trivalent vertex is the unique (up to scaling) intertwiner between V ⊗2 and Λ 2 V. The polynomial Pn(Γ) has non-negative coefficients, see [MOY] .
This calculus of planar graphs and its generalization to arbitrary exterior powers of V was developed by Murakami, Ohtsuki and Yamada [MOY] . Oriented edges of graphs in their calculus carry labels from 1 to n − 1 that denote fundamental weights of sl(n). The part of their calculus that we use deals only with edges labelled by 1 and 2. In our notation we omit these labels; instead, we indicate edges labelled by 2 by wide lines, see figure 4 top left. Consistency of figure 3 relations is shown in [MOY] .
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, which gives a cube of MurakamiOhtsuki-Yamada graphs [MOY98] . Then, one assigns a matrix factorization specified by a potential W g,λ for each resolution and one subsequently obtains a mapping cone of two matrix factorizations at each crossing of a knot. Then, taking a tensor product of matrix factorizations for a MOY graph, one obtains double complex whose homology is (g, λ) homology of a knot. The computations in the uncolored case have been carried out for knots with a few crossing in [CM14] .
Physically, this Khovanov-Rozansky setup is described by 2d Landau-Ginzburg model with topological defects on the R t × K in the M-theory set-up (1.1) [GNSSS16] . In particular, in the case of the unknot, there is no topological defect so that the (g, λ) homology of the unknot is isomorphic to the Jacobi ring of the potential in the LG model
Interestingly, the brane configuration in (1.1) contains important information about the potential W g,λ of the LG model. As in [DSV13, Figure 2 ], as the spectator M5'-brane is pushed to the fiber direction of T * S 3 , an M2'-brane is dynamically generated. Therefore, the left and right configurations in (1.1) are indeed related via the Hanany-Witten effect. The low-energy effective theory of this brane configuration is described by 2d N = (2, 2) theory with U(1) gauge group and N fundamental chirals. The Higgs branch of the theory is P N −1 and its cohomology is isomorphic to the Jacobi ring of the potential W sl(N ), = x N +1 .
This can be easily generalized to an r-rank anti-symmetric representation (1 r ) of sl(N ) homology. To realize r-rank anti-symmetric representation (1 r ), we increase the number of the spectator M5'-branes (M2'-branes) to r. As a result, the same procedure leads to 2d U(r) gauge theory with U(N ) flavor symmetry whose Higgs branch is a Grassmannian Gr(r, N ). The potential of the corresponding Landau-Ginzburg model is a homogeneous polynomial of degree N + 1,
Using the variables u i of degree deg(u i ) = i, i = 1, . . . , r, which are the elementary symmetric polynomials in the x j ,
the potential can be organized into a generating function [GWal05]
In a similar manner, the explicit form of the potentials for symmetric representations can be also expressed through a generating function [GWal05] 
For more general representations, the corresponding Higgs branch is expected to be a partial flag variety and to find the LG potentials is still an open problem.
In recent years, motivated by the relation between rational Cherednik algebra and torus knot homology, a scheme is constructed in such a way that the space of its differential forms is conjectured to be isomorphic to torus knot homology [GORS14, GGS13] . Equivalently, the torus knot homology can be written as Jacobi ring of a certain superLandau-Ginzburg potential W super (K; r)
Therefore, in what follows, we give explicit constructions of Koszul complex as well as its reformulation in terms of super-Landau-Ginzburg model. Definition 6.1 The unreduced moduli space M m,n (r) is defined in the affine space with the coordinates u 1 , . . . , u mr ; v 1 , . . . , v nr by the equation
which should hold at every coefficient of its expansion in powers of z.
Conjecture 6.2 [GGS13]
The unreduced (r)-colored homology of the (m, n) torus knot is isomorphic to the space of differential forms on M m,n (r):
Let us describe the gradings on the space Ω * (M m,n (r)). The a-grading is defined by the degree of a differential form, so that a(u i ) = 0, a(du i ) = 2. Furthermore, we define the (q, t r , t c ) gradings by the formula
It is easy to check that the defining equations of M m,n (r) are homogeneous in q-grading and not homogeneous in t-gradings. Therefore, strictly speaking, on Ω * (M m,n (r)) we get (a, q) bi-grading and a pair of filtrations (t r , t c ).
Example: Unknot We can choose m = n = 1, so (6.2) takes the form
Therefore, we have M 1,1 (r) = Spec C[u 1 , . . . , u r ], and
where we rename du i by ξ i . This agrees with the description of the unreduced (r)-colored triply-graded homology of the unknot with t c -gradings. In the case of the fundamental representation, the diagram is drawn in Figure 6 .1. . Now let us explain how one can construct the d N differentials in this algebraic model [Gors10, Gors11, GOR12, GORS14, GGS13] . First of all, it has been proven in [Sto07] that there exists the stable limit of unreduced uncolored HOMFLY homology of an mstrand torus knot
and it is conjectured [DGR06, §6] to be isomorphic to the (m)-colored HOMFLY homology of the unknot
In addition, we use the following important theorems:
The Hochschild cohomology of the algebra of functions on C n is equal to the algebra of polyvector fields on C n .
of the category of matrix factorizations of W is equal to the Koszul homology of the complex obtained from polyvector fields by the contraction with dW :
where the differential is defined by
If W has an isolated singularity, then HH(MF(W )) is isomorphic to the Milnor algebra of W at this singularity:
Because the unknot homology is the Jacobi ring of the Landau-Ginzburg potential, this theorem allows us to define the d N differentials on (6.4) by using the potential defined in (6.1). The d N differentials in the stable homology H (T m,∞ ) stay as they are in the torus knot homology H (T m,n ). Hence, one can write the explicit actions of the d N differentials for N > 0 as
In a similar way, one can construct the colored differentials [GGS13]
The algebraic model for reduced (r)-colored HOMFLY homology easily follows by setting u 1 = · · · = u r in the above set-up.
Definition 6.4 The reduced moduli space M m,n (r) is defined in the affine space with the coordinates u r+1 , . . . , u mr ; v r+1 , . . . , v nr by all coefficients in the z-expansion of the equation
(6.7)
Conjecture 6.5 [GGS13] The reduced (r)-colored HOMFLY homology of the (m, n) torus knot is isomorphic to the space of differential forms on M m,n (r):
In fact, the main result of [Gors11] is an explicit isomorphism of graded vector spaces
Thus, at r = 1, Conjecture 6.5 is equivalent to Conjecture 5.2 (up to the filtration). Moreover, it follows from [EGL13, Theorem 1.4] (colored extensions of (5.3)) that the (a, q)-character of Ω * (M m,n (r)) is equal to the unreduced (r)-colored HOMFLY polynomial of the (m, n) torus knot.
Example: Trefoil
For example, in the uncolored case, the defining equation is
Thus, the space of differential form is generated by u 2 and du 2 with constraints u 2 2 = 0. Reading the degrees from (6.3), one can place the generators as in Figure 6 .2 and its Poincaré polynomial is equal to (2.17).
In a similar fashion, the reduced (2)-colored homology of the trefoil knot has two even generators u 3 and u 4 and the defining equations can be obtained from (6.7):
Their differentials have the form
Therefore, one can check that the monomial basis in Ω * (M 2,3 (2)) is given in Figure   6 .2 and the Poincaré polynomial from (6.3) agrees with (2.18) up to the factor a 4 q −4 .
The actions of the colored differentials d ± (2)→(1) can be easily read from (6.6) so that d 
Example: (3, 4) torus knot
Let us look at the case of (3, 4) torus knot. Solving (6.7) with (m, n) = (3, 4), the reduced uncolored homology has two bosonic generators u 2 and u 3 , with the following defining equations for M 3,4 (1): Now we can reformulate Conjecture 6.2 in terms of the super-Landau-Ginzburg model with a potential W super (K; r). Let us define the potential W (T m,n ; r) on the u-space given by the formula W (T m,n ; r) = Coef To obtain the model for reduced (r)-colored HOMFLY homology, we set u 1 = · · · = u r in (6.9). For instance, we find the following potentials from (6.8) with u 1 = 0 in the simple examples considered earlier:
W super (T 2,3 ; ) = 3u 27 ξ 2 + 28u 2 u 3 27 ξ 3 .
It is easy to check that their Jacobi rings are isomorphic to the spaces of the differential forms in the Koszul models above.
Other directions
Although we have just reviewed some part of the recent developments on knot homology, there are many approaches which are not covered in this note. Let us list some of them.
Kapustin-Witten equations
In [Wit11] , a candidate for sl(N ) homology of knots is constructed based on counting the solutions of certain elliptic partial differential equations in four and five dimensions. If one takes the reduction of the circle of the cigar in the right setup of (1.1), then we have the following brane configuration:
N D4-branes:
where we use y ≥ 0 for the coordinate of R + . Then, Witten has considered the BPS equations of 5d SU(N ) twisted super-Yang-Mills theory on N D4-branes M 5 = R t × R + × S 3 in the presence of the surface operator supported on R t × K due to the D2'-brane: Here, B is a section of Ω 2,+ (R t × S 3 ) ⊗ ad(E) with a SU(N )-bundle E → M 5 , so that
The set V of the solutions to the equation (7.1) is bi-graded, where the homological grading is the fermion number, and the q-grading is the instanton number obtained by integrating over S 3 × R + . In addition, a supercharge Q of the topological theory on M 5 acts the space V so that one can take the cohomology H (K) of Q. Indeed, the vector space H (K) is a topological invariant and the candidate for the sl(N ) homology of a knot.
3d/3d correspondence
The effective 3d N = 2 theory on R t × D in (1.1) is what is denoted by T sl(N ) [S 3 \K], which appears in the 3d/3d correspondence [DGH11, TY11, DGG13, DGG14, Di15] 3 . The 3d-3d correspondence is a rich relation between geometry of a 3-manifold M 3 and a 3d N = 2 superconformal field theory T g [M 3 ] arising from the partially twisted compactification of the 6d (2,0) theory with a simply-laced Lie algebra g on the 3-manifold M 3 . In particular, the moduli space of flat G C connections on M 3 is identified with the moduli space of supersymmetric vacua in the 3d gauge theory T g [M ] on S 1 × D.
Moreover, the partition function of T g [M ] on a lens space L(k, 1) is equal to the partition function of complex Chern-Simons theory with gauge group G C on M 3 .
The level of G C complex Chern-Simons theory has a real part k and an imaginary part σ, and σ is related to the squashing parameter b of the lens space L(k, 1)
The physics derivation of the 3d/3d correspondence has been given by means of supersymmetric localization [Yag13, LY13, CJ13] . In particular, when a 3-manifold is a knot complement M 3 = S 3 \K, using the 3d/3d correspondence and the Higgsing procedure, it was shown that the Poincaré polynomials of sl(2) homology of a knot K can be realized as a partition function of the dual 3d N = 2 theory T sl(2) On the mathematics side, the program of formulating SL(N, C) Chern-Simons theory has just started [AG14, AK14] . In [AG14] , the formulation of SL(2, C) quantum ChernSimons theory at level k is given by means of the geometric quantization, which depends on the complex structure of an underlying surface. The independence of choice of complex structures is shown by constructing the projectively flat Hitchin-Witten connection. Moreover, using an ideal triangulations of a 3-manifold, mapping-class-group actions induced by the Hitchin-Witten connection are analyzed in [AK14] . where the canonical Lagrangian brane wraps the submanifold L corresponding to the unknot. Performing the SL(2, Z) transformation of the curve (7.2), it was shown in [BEM11, BEO13] that the configuration of the Lagrangian brane L Tm,n associated to the torus knot T m,n is encoded in the spectral curve H Tm,n (x, y; a) = y n (1 − y) m + a n−m x(y − a 2 ) m . (7.3)
B-model and topological recursion
Moreover, because the moduli space of a Lagrangian brane L K receives the instanton corrections, even with the same resolved conifold background, the disc-corrected moduli space of L K depends on a knot K. Since the zero locus of the Q-deformed A-polynomial A(K; x, y; a) determines the disc-corrected moduli space of L K , it is argued [AV12] that the B-model geometry mirror to (1.2) is described by uv = A(K; x, y; a) .
Therefore, it is an important problem to understand how the mirror geometry encodes information about quantum knot invariants. Fortunately, there is a universal formalism, so-called topological recursion [EO07] , to calculate quantum and enumerative invariants based on the data of a spectral curve with two meromorphic functions x and y, and a symmetric bi-differential W 0,2 on Σ × Σ. In fact, the large color asymptotic expansion of colored Jones polynomials can be obtained by applying the topological recursion on the ordinary A-polynomial [DFM10, BE12] . However, it is now known that the naive application of topological recursion on Q-deformed A-polynomial does not provide the large color asymptotic expansion of HOMFLY polynomials colored by symmetric representations. To circumvent this difficulty, a calibrated symmetric bi-differential (calibrated kernel) W 0,2 has been constructed in [GJKS15] based on the data of the curve (7.3). With the calibrated symmetric bi-differential, the validity of the topological recursion on Qdeformed A-polynomial is checked for torus knots. Although a calibrated kernel is available only for a torus knot so far, it is expected that this is a technical restriction and the topological recursion based on the modified kernel works for more general knots as well.
